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Abstract 
This paper presents a computational (finite element analysis) study for numerically simulating the elastic wave 
propagation problem in a two-dimensional homogeneous half space. The theoretical formulations of development 
and implementation of local non-reflecting boundary condition (NRBC) at the soil truncated boundaries has been 
discussed in detail. A dynamic analysis of the elastic soil domain using time marching scheme has been carried out 
and comparative studies of the responses from different boundary conditions at the truncated boundaries also has 
been provided to get the physical idea of the wave reflection phenomena and its absorption capability using NRBCs.  
The results justify the utility of implementing the local types of NRBC's on the truncated boundaries of the soil 
domain for solving coupled dynamic problems.  
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1. Introduction 
     Most of the time it is observed that engineers have to analyze or design a part of compound system which is 
generally referred as overall system. These overall systems contain several other components and under a dynamic 
loading condition. These components interacts with each other in such a way that continuous transfer of energy is 
established between them. Dynamic analysis of soil-structure interaction problems comes exactly under these 
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categories of overall system. The overall system may be subdivided into two subsystems namely near field and far 
field by suitably imposing artificial boundary or non-reflecting boundary conditions. The near field is usually 
modelled in detail by finite elements or similar type of numerical techniques; moreover this sub domain may be 
behaved nonlinearly. On the other hand the far field part is considered to be composed of very much simplified 
forms and assumed that it has a little or no appreciable effects on the structural response. One of the main concerns 
in the analysis of the overall system is the un-boundedness of the far field domain, which has an important 
consequence in the wave propagation theory. Actually, waves travelling in the unbounded direction are not reflected 
back to the near field. As the wave's transports energy, an mechanism can be obtained which irreversibly transfer 
energy from the near field to the far field. This phenomenon is termed as radiation damping and it extracts energy 
from the near field. Therefore, dealing with dynamic analysis of soil-structure interaction problems, the accurate 
modelling of the radiation damping becomes a major issue. The most common way is to restrict the theoretically 
infinite domain to a finite one with truncated boundaries. The reduction of the solution domain makes the 
computation feasible, but the spurious reflection of waves from the truncated boundaries can propagate back to the 
interior domain and contaminate the responses which are contradictory to the actual physical case. Hence, there is a 
basic need to use a suitable non-reflecting boundary condition (NRBC) at the truncated boundaries which can 
effectively absorb the incident stress waves and can represent almost accurately an infinite space. According to 
Givoli [1] these NRBC's are commonly termed as absorbing, silent, transmitting boundary. These NRBCs are of two 
types such as local type and global type. Due to the implementation difficulties of global types of NRBC, local types 
are generally preferred. Lysmer and Kuhlemeyer [2] proposed the first approximated local type of NRBC (standard 
viscous boundary) and successfully implemented to a FEM code. White et al. [3] extended the formulation to make 
applicable to anisotropic soil domain. Kellezi [4] implemented the spring-viscous boundary (termed as cone 
boundary) condition in 2D or 3D elasto-dynamics problems.  
 In the present paper the authors have briefly discussed the mathematical formulation and implementation 
procedure of two most common types NRBC's namely viscous and cone boundary in a finite element analysis code 
in detail. In this paper these two NRBCs have been implemented to a semi-infinite soil domain to study the 
effectiveness and accuracy of these boundaries.  
 
Nomenclature 
࢛ the normal displacement vector 
࢜ the tangential displacement vector 
ࢂࡼ velocity of the primary wave or pressure wave 
ࢂࡿ velocity of the secondary wave or shear wave 
S ratio between shear and pressure waves 
࣋ mass density of the elastic medium 
࣏ Poisson's ratio of the elastic medium 
E modulus of elasticity of the elastic medium 
࢔ unit normal vector at the truncated boundary 
࢘ the radial vector from the boundary node to the source location 
࣌࢈ࢊ normal boundary stress at the truncated boundary 
࣎࢈ࢊ tangential boundary stress at the truncated boundary 
ሾ۲۱ሿ constitutive damping matrix 
ሾ۲۹ሿ constitutive stiffness matrix 
ሾ࡯ሿࢋ  consistent damping matrix elemental level at the truncated boundary  
ሾࡷሿࢋ  consistent stiffness matrix elemental level at the truncated boundary  
ሼࡲሽࢋ vectors of the elemental level nodal force at the truncation FE boundary  
Tp time period of the applied triangular pulse loading  
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2. Mathematical formulation of local NRBC 
The basic idea of the local NRBC's is to apply boundary stresses, WV and  on a free boundary which cancels the 
stresses produced at the boundary due to the reflection of the incoming waves. Mathematical formulation of two 
most common type's local NRBC's namely viscous and cone boundaries have been discussed here.  
2.1. Viscous Boundary 
The standard viscous boundary condition, as proposed by Lysmer and Kuhlemyer [2] the boundary stresses at 
normal and tangential to the boundary would be as follows: 
  ࣌࢈ࢊ ൅ ࢇ࣋ࢂࡼ ࢛࢚ࣔࣔ ൌ ૙                  (1a) 
  ࣎࢈ࢊ ൅ ࢈࣋ࢂࡿ ࢚ࣔ࢜ࣔ ൌ ૙                   (1b) 
Where, ો܊܌ and ૌ܊܌ are the normal and the shear stresses at the boundary respectively; ܝ and ܞ are the normal and 
the tangential displacements respectively; ૉ is the mass density; ܄۾  and ܄܁  are the velocities of P-waves and S-
waves respectively; ࢇ and ࢈ are the dimensionless parameters and for maximum wave absorption capacity their 
values should be considered as 1. White et al. [3] proposed the unified viscous boundary condition applicable to 
anisotropic media with certain choice of ࢇ and ࢈ parameters as follows: 
   ࢇ ൌ ሺૡ ૚૞࣊Τ ሻሺ૞ ൅ ૛ࡿ െ ૛ࡿ૛ሻࢇ࢔ࢊ࢈ ൌ ሺૡ ૚૞࣊Τ ሻሺ૜ ൅ ૛ࡿሻ࢝ࢎࢋ࢘ࢋǡ ࡿ ൌ ሺࢂࡿ ࢂࡼΤ ሻ   (1c) 
In one dimensional case perfect absorption can be achieved using Eqs. (1a) and (1b) while in two dimensional case 
the angle of incidence is need to considered, which is the angle between the wave propagation direction represented 
by r and outward unit vector n, normal to the boundary surface. Then the stress component would be, 
  ሼોሽ ൌ ሾ۲۱ሿሼܝሶ ሽ                     (2a) 
The constitutive damping matrix ሾ۲۱ሿ can be given as: 
  ሾ۲۱ሿ ൌ ܉ૉ܄۾ሺܖǤ ܚሻሾۼሿ ൅ ܊ૉ܄܁ሺܖǤ ܚሻሼሾ۷ሿ െ ሾۼሿሽ                           (2b) 
The transformation matrix ሾۼሿ is equal to  
  ሾࡺሿ ൌ ࡺ૚ࢀࡺ૚         (2c) 
where,  ሾࡺ૚ሿ ൌ ሾࡺ࢞ ࡺࢠሿ        (2d) 
 
ሾ۷ሿ is the identity matrix of order (2×2) and ࡺ࢞Ƭࡺࢠ are the projection vectors of the unit normal vector on the x- 
and z- axes respectively. 
2.2. Cone  Boundary 
Mathematical development of cone type local NRBC may be derived from the simple physical model considering 
basic strength of material approach [5, 6]. Meek and Wolf [5] proposed a local type of NRBC termed as cone 
boundary, where it is assumed that when a load is applied to the disk on the free surface of a half space, stresses act 
on an area that increases with depth due to geometric spreading. This cannot be properly modelled using semi-
infinite rod model from which viscous boundary condition can be derived [2]. Here, due to the presence of the 
1255 Angshuman Mandal and Damodar Maity /  Procedia Engineering  144 ( 2016 )  1252 – 1259 
geometric spreading boundary stiffness along with the boundary damping comes into the picture. Then the stress 
component would be, 
                 ሼોሽ ൌ ሾ۲۹ሿሼܝሽ ൅ ሾ۲۱ሿሼܝሶ ሽ             (3a) 
The constitutive stiffness matrix ሾ۲۹ሿ can be given as: 
           ሾࡰࡷሿ ൌ ሺࢇ࣋ࢂࡼ ૛࢘Τ ሻሺ࢔Ǥ ࢘ሻሾࡺሿ ൅ ሺ࢈࣋ࢂࡿ ૛࢘Τ ሻሺ࢔Ǥ ࢘ሻሼሾࡵሿ െ ሾࡺሿሽ   (3b) 
The constitutive damping matrix ሾ۲۱ሿ can be expressed as: 
               ሾࡰ࡯ሿ ൌ ࢇ࣋ࢂࡼሺ࢔Ǥ ࢘ሻሾࡺሿ ൅ ࢈࣋ࢂࡿሺ࢔Ǥ ࢘ሻሼሾࡵሿ െ ሾࡺሿሽ    (3c) 
In Eq. (3b), 'r' is the distance from the boundary node to the source location. It should be noted that for a circular 
type of boundary 'r' is constant for all the boundary nodes and the scalar product of n and r vector is equal to 1 but 
for any other boundary shape 'r' should be provided for each node together with unit vectors n and r. 
3. Finite Element Implementation of local NRBC 
The boundary stresses that are generated due to the incorporation of damping and stiffness contribution are first 
converted to the equivalent nodal forces [7] so that they can be assembled in the global matrices.  
               ሼࡲሽࢋ ൌ െ׬ሾࡺഥሿࢀ ሼ࣌ሽࢊࢣ       (4) 
Where, ሼࡲሽࢋ is the vector of nodal forces at the FE boundary and ሾഥሿ is the shape function matrix along the 
boundary.  
3.1. Viscous  Boundary 
For viscous boundary the velocity variable need to be expressed in terms of nodal velocities and replace that in 
Eq. (2a). Thus Eq. (4) becomes 
  ሼࡲሽࢋ ൌ െ׬ሾࡺഥሿࢀ ሾࡰ࡯ሿሾࡺഥሿࢊࢣሼ࢛ሶ ሽࢋ                   (5a) 
So the consistent damping matrix at the boundary derives as: 
  ሾ࡯ሿࢋ ൌ ׬ሾࡺഥሿࢀ ሾࡰ࡯ሿሾࡺഥሿࢊࢣ                                (5b) 
3.2. Cone  Boundary 
For cone boundary the displacement and velocity variables need to be expressed in terms of nodal displacements 
and velocities and replace those in Eq. (3a). Thus Eq. (4) becomes 
  ሼࡲሽࢋ ൌ െሺ׬ሾࡺഥሿࢀ ሾࡰࡷሿሾࡺഥሿࢊࢣሼ࢛ሽࢋ ൅ ׬ሾࡺഥሿࢀ ሾࡰ࡯ሿሾࡺഥሿࢊࢣሼ࢛ሶ ሽࢋሻ              (6a) 
The consistent stiffness matrix at the boundary surface is given by, 
  ሾࡷሿࢋ ൌ ׬ሾࡺഥሿࢀ ሾࡰࡷሿሾࡺഥሿࢊࢣ                  (6b) 
and the consistent damping matrix is same as Eq. (5b). 
In order to obtain the global matrices for boundary stiffness and viscous damping of the entire system these 
consistent stiffness and damping matrices are assembled along the boundary. These consistent stiffness and damping 
matrices are actually locally couple the nodes along the boundary. 
 
4. Methodology 
A semi-infinite soil domain has been considered and truncated boundaries have been chosen at certain distances. 
The entire soil domain has been discretized with eight nodded iso-parametric elements. The exact (with extended 
mesh) solutions have been obtained for a triangular pulse type of loading. Two local type of NRBCs namely viscous 
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and spring-viscous boundary (cone boundary) have been implemented at the truncated boundaries. While 
implementing these local NRBCs angular incidence of waves also have been considered. The dynamic responses at 
some salient positions of the soil domain have been evaluated for the loading using implicit time integration 
technique. The responses are then compared for studying the effectiveness and accuracy of these boundaries. 
 
5. Results and Discussions 
 
Figure 1. Finite element models of the soil domain for the extended mesh and small meshes  
The soil domain in this present study has been considered to be as homogeneous and linear elastic with the material 
properties as follows: smVS /224  ( ୗ is the shear wave velocity which implies E = 250.88 MPa), 
3/2000 mkg U  and 25.0 Q . To clearly see the effect of non reflecting boundary condition no material 
damping has been neglected here. The truncated soil domain with extended and smaller mesh sizes (M10×10 and 
M15×15) has been shown in figure 1. In all the models along the left hand side boundary the horizontal movement 
1257 Angshuman Mandal and Damodar Maity /  Procedia Engineering  144 ( 2016 )  1252 – 1259 
has been restricted for vertical loading. The free soil surface has been modeled as stress free boundary. With the 
application of a triangular pulse (Tp = 0.4s) at the left most top corner of the soil domain the displacement and stress 
responses have been obtained at two locations for extended mesh as well as small meshes. Displacement responses 
at 'S1' and 'S2' have been obtained considering smaller mesh sizes (M10×10 and M15×15) as well as with the 
extended mesh. Comparisons of these displacement responses for different boundary conditions have been shown in 
figures 2 to 5.  
 
Figure 2. Comparisons of vertical responses at 'S1' for different boundary conditions under a unit delta type vertical 
line loading (Tp = 0.4 s) (M10×10 grid). 
 
Figure 3.  Comparisons of vertical responses at 'S2' for different boundary conditions under a unit delta type vertical 
line loading (Tp = 0.4 s) (M10×10 grid). 
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Figure 4.  Comparisons of vertical responses at 'S1' for different boundary conditions under a unit delta type vertical 
line loading (Tp = 0.4 s) (M15×15 grid). 
 
Figure 5. Comparisons of vertical responses at 'S2' for different boundary conditions under a unit delta type vertical 
line loading (Tp = 0.4 s) (M15×M15). 
It is observed from the above mentioned figures that consideration of fixed and free boundary clearly depict the 
spurious wave reflection. On the other hand viscous and cone type of local boundary condition show a good 
approximation of the exact responses obtained from extended mesh solution. Here, for linear elastic material 
properties the M10×10 model with cone type local NRBC is sufficient for closely representing the extended mesh 
effect or alternatively the semi-infinite soil domain. Comparisons of major principal stress contour plots at t=1.6s 
have been shown in Fig 6 (a-d). The contours show that use of cone boundary significantly reduces the wave 
reflections, and almost closely represent the reference solution state. 
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(a) Extended Mesh (b) Fixed Boundary 
  
(c) Free Boundary (d) Cone Boundary 
 
Figure 6. Comparisons of major principal stress contour plots at t=1.6s   
From the above mentioned discussions it can be concluded that implementation of local type of NRBC is highly 
essential for simulating the dynamic soil-structure interaction problems containing small soil-domain. 
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